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Define the sequence no = 2, niy = 2" - 1, fori e N.

n=22-1=3, N;=2°-1=7, n3=2"-1=127 and
ns = 2" -1=170141183460469231731687303715884105727, which has 39 digits.

Ni=1+no, N2=1+mMNoNy, N3 =1+ ManonsnN2, and ns = 1 + MsNoN1N2N3
where my =1, m; =3, and
ms = 31897484713248824846585546253446589
= 3x7x19x43x73x337x5419x92737x649657x77158673929.
This sequence for which i = 1, 2, 3 and 4 are known Mersenne primes. Is ns a prime?

¢ is Euler's totient function. We observe:

n=2M"-1=1+ng, #(n)=n1-1=no,
n=2"-1=1+mnon,, d(n2) =n2-1=nen; = mg(n4)
Ne=2"2-1=1+mnomnz, ¢(Ns)=nz-1=3nonin; = 3n¢(n2) and

Na = 2M-1 =1+ mM3NoniN2Nz , #(N4) = Ng - 1 = MaNoNiN2Ns. = KaNad(Ns), ks = "%g‘

M) | g(n2) , N26(n:) | $(Na) , Nad(na) | B(na).

Theorem: ns is a Mersenne prime.

4
Proposition 1: ns =2"-1 =1 (mod. sI:Ions).

4
Proof: ns =2M™-1 = ns- 1 =2M- 2 = 2(2Ms"oN1"2"s _ 1) = 0 (mod. sI;[)ns)

2™ =1 (mod. ny), ..., 2" =1 (mod. n4) since each n; ,11 <i <4, is a distinct prime.
= Ns - 1 = manoninznsns for some ms € N and proposition 1 is true.

Since ns = 2M- 1, 2= 1 (mod ns) = n4 | ¢(ns) because n4 is a prime.
Proposition 2: (n4 - 1) = ¢(ns) divides (ns - 1).

Proof: ns - 1 = 2(2""' - 1) = 2(29"9 — 1) and ny - 1 = 2(2%™) — 1).
Let T be the integer 24" — 1, Then clearly, 24" = 1 (mod. T).

So, 2T = ny - 1 and 2409 —1 = 2%¢M) _{ = 0 (mod. T) for some ke N,
= (ns - 1) | (ns - 1) and we have the result.

We now have nig(ni) | nzg(n2) | nag(ns) | nag(na) | (ns - 1) and na | ¢(ns) = ms | ma.
Sons - 1= mrneg(ng) and mt e N.

Proposition 3: ¢(ns) = ns - 1

Proof: Consider ng = 21 - 1 = 2Wmanominznsns - 1 = 1 (mod. ns, N4, N3, N2, N4, and No).

2" =1 (mod. ns), 2"=1 (mod. ny), ..., 2" =1 (mod. n4).

Since n4, n3, N2, Ny, and np are distinct primes, and (n;, ns) = 1 fori e {0, 1, 2, 3, 4}, we have
Ns = 2™ - 1 =1 (Mod. nsnanan2n4Ng).

= 2(2"1 - 1) = 0 (mod. nsnsnanzning) = nid(ny) | (ns) fori e {0, 1, 2, 3, 4}, [(ni, d(m)) = 1].

We now have nig(ni) | ¢(ns) = (ni)? | ns which is impossible since n; | (ns - 1).

Hence, ¢(ns) = ns - 1 and ns is a Mersenne prime.

ns has 51,217,600,457,105,052,828,189,829,037,592,592,347 digits.
This also proves the sequence: no = 2, ni.1 = 2"- 1, i e N defines a set of Mersenne primes.



