ON THE EXCEPTIONAL SET FOR THE
SUM OF A PRIME AND A k-TH POWER

ALESSANDRO ZACCAGNINI

ABSTRACT. Let k> 2 be an integer, and set
E(X) = |{n < X,n# m¥, n not a sum of a prime and a k-th power }|

We prove that there exists § = §(k) > 0 such that Ej(X) < X179,

§1. INTRODUCTION

According to conjectures H and L of Hardy and Littlewood [HL] every sufficiently
large number is either a k-th power or a sum of a prime number and a k-th power,
for k = 2, 3. For any integer k > 2 set

Ep(X) = }{n < X, n #mF, n not a sum of a prime and a k-th power }’,
so that the Hardy—Littlewood conjectures are equivalent to
E} (X) < 1,

for k = 2, 3. In the general case k > 2 Davenport and Heilbronn [DH] proved that
there exists a constant ¢ = ¢(k) > 0 such that

X

Schwarz [Schw]| has shown, for his slightly different problem involving the k-th
power of a prime, that (1.1) holds for arbitary ¢; see also Miech [M] for k = 2.

In the case k = 2 Briinner, Perelli and Pintz [BPP] and A. I. Vinogradov [Vi]
obtained, independently and using different techniques, that there exists a positive
constant 0 such that

Fy(X) < X179,

In this paper we extend the above result to the general case k£ > 2. We obtain the
following
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Theorem. Let k > 2 be a fized integer. There exists 6 = §(k) > 0 such that
En(X) < X170
Both § and the implied constant are effectively computable.

We remark that Vinogradov [Vi] has stated without proof the above theorem,
giving only a few hints about the modifications to be made in his proof for the
case k = 2. However, such hints apparently lead to significant difficulties which
make Vinogradov’s claim quite hard to substantiate when k > 3. In fact, for k = 2
Vinogradov treats the singular series using Dirichlet L-series and average results
for the density of their zeros. The extension of such an approach to the general case
k > 3 involves the use of Dedekind zeta functions associated to suitable algebraic
number fields of the form Q ( {“/ﬁ) ,n < X. In order to carry over the proof one would
need, among others, appropriate density theorems for the zeros of such Dedekind
zeta functions, on average over n < X. No hints are given by Vinogradov about
the treatment of the singular series.

Our proof follows the extension, due to Briinner—Perelli-Pintz [BPP], of the ideas
of Vaughan [Val] and Montgomery—Vaughan [MV2], the main difference being the
treatment of the singular series. Here we use a technique due to Vaughan, see [Va2]
ch. 8, coupled with estimates for character sums over polynomial values.

I wish to thank Professors A. Perelli, J. Pintz and R. C. Vaughan, and the referee
for helpful suggestions.

§2. NOTATION

We shall keep our notation consistent, as far as possible, with the corresponding
one in [BPP]. We introduce the following notation: e(x) = e*™@ e, (z) = e(z/q); p
shall always denote a prime number, cond y the conductor of the Dirichlet char-
acter x, |A| the cardinality of the set A. s = o + it will denote a complex variable.
log, X denotes loglog X. X, T, @ and P will denote large positive numbers; the
constants implied in the < and O-notations depend at most on k£ and are effec-
tively computable. The value of an empty sum will be 0, of an empty product 1.
p = B+ 1y will denote the generic zero of an L-function. For the sake of simplicity,
we put

1

[=1I(X)= [§X,X{HN,

1
J=J(X) = [ﬁxl/k,xl/’f{m N.

We set
S(@)= > logpe(ap);  Fila)= > e(aj),
pEI(X) J€TR(X)
so that
S(a)Fp(a) = Y m(X,n)e(na),
X/2<n<2X
where

re(X,n) = Z log p.
j*+p=n
JE€JR(X)
pel(X)
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We further set

Vi(a,9) = ) eqlah®); Shem =Y x(p)logp e(pn);
h mod q pel(X)
> mf e(mn); T(n) = Ti(n).
mel(X)

X0,q denotes the principal character mod ¢. For the sake of brevity, we shall also
write

)DL DI SN S S o

a(q) a mod ¢ a=1 a(q) a mod ¢ a=1
(a,q)=1
*
2= > >
x(q) x mod ¢q x(q) x mod ¢q

X primitive

7(x) = > x(a)ey(a) is the Gauss sum.
a(q)

Hy(x.q,:n) = > x(a)Vi(a, q)eq(—na); Hi(q,n) = Hi(x0,4:4:0);
a(q)
>, mh L(X,n) = Ly(X, n);

jk—l—m:n

JEJK(X)

mEI(X)

(n,R,r) Z M q,n); S(n,R) =6(n,R,1);
g<R
(iIﬂ”) 1
X)H
T(X,T, n) — T(X) k(X? T, n) )

rp(r)

We use the standard arithmetic functions: p(n) is Mébius’ function, ¢(n) is Euler’s
function, w(n) = > 1;

pln
pr(d,n) = |{h mod d, h* = n mod d};
Rs 1(n) = ’{(nl,...,ns) € Ns,nlf +-~-+n§ = n}}
We will denote by ¢y, ca, ..., effectively computable positive constants, which may

depend on k. For the sake of brevity, we shall sometimes drop the suffix k from our
functions.

§3. DISSECTION OF THE UNIT INTERVAL
Here we follow §3 of [BPP].

Lemma 3.1. There exist positive constants c1 and ca such that L(s, x) # 0 when-
ever

C1
>1- ;
7= logT’

‘t‘ S T4k+7
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for all primitive characters x mod q, ¢ <T', with the possible exception of at most
one real primitive character X mod 7. If it exists, L(s,X) has exactly one zero 3
not satisfying the above condition, and such zero is real, simple and satisfies

C1

(6))] ~
<1-p6< .
ﬁ_logT

7/2(logT)2 —

The proof of this result is in chapter 14 of Davenport [D]. The exceptional zero,
if it exists, is called Siegel zero (relative to T').

Now let P, = X' where b, is a sufficiently small positive constant. Let us
choose T' = P; in Lemma 3.1 and let

Py = X"

where _
b — { bl if v S Pf\
2T b1 A otherwise,

where 0 < A = A\(k) < 1/2 is a parameter which will be specified later (see Lemma
5.8). Thus, Lemma 3.1 remains true with 7' = P5, the value ¢; A in place of ¢, and

(3.1) 7 < Py,

if it exists.
We define the Ps-excluded zeros as those zeros of the functions L(s, x), where
X is a primitive character mod ¢, ¢ < P», lying in the region

4k 4 2) log, X

excluding the Siegel zero (relative to Py). We define accordingly the Ps-excluded
characters as the primitive characters x mod r, r < Py, for which L(p,x) =0, p
being a P»-excluded zero. The Ps-excluded moduli are the moduli of the Py-excluded
characters.

Now let N~ (o, T, T**7) denote the total number of zeros of the functions
L(s, x), where x mod ¢ is a primitive character, ¢ < T, in the region

o> |t| < T4+,
again excluding the Siegel zero relative to T. We estimate the number of P»-

excluded zeros by means of the following

Lemma 3.2. There exist positive constants c3 and cq4 such that
N~ (a,T,T**7) < esG(T)T+1~)

where

G(T) =

1 ifﬁ does not exist,
(1—3)logT if B exists.
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Lemma 3.2 follows immediately from Théoreme 14 of Bombieri [Bo]. It readily
yields

N-(1_ (4k 4 2)log, X
log X

, Py, P;’f”) < ¢c3G(Py) exp{(4k + 2)bycy logy X}
< G(P,)(log X)'/?,

choosing by sufficiently small as a function of k. Hence

(3.2) |{ P>-excluded zeros}| < G(P2)(log X)13.

We now define the following notation, which we shall use in the sequel

P =P=Xx"

G =G(P)

& = {P-excluded characters}
(3.3) &' = {P-excluded zeros}

S = {Siegel character (relative to P)}
S’ = {Siegel zero (relative to P)}
Q =Xp 3

For ¢ < P and (a,q) = 1 we let M(a, q) denote the major arc
[a 1 a N 1 }
¢ 9Qq qQJf
The major arcs are non overlapping. Set

sm=L<JP U (e, q)

(aq)=1

Moreover, let m denote the minor arcs, i. e.

1 1
m = |:§,1+6} \gﬁ
We have
141/Q
r(X,n)= / Fi(a)S(a)e(—na) da
1/Q
= / Fi(a)S(a)e(—na) do —|—/ Fi(a)S(a)e(—na) da

m m

(3.4) =ri(X,n) +r2(X,n),

say. Since the sets 9t and m are even mod 1, it is clear that 7 (X, n) and r2(X, n)
are real.
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§4. ARITHMETIC LEMMAS

We remark that, here and in the next section, our estimates are not necessarily
the sharpest known ones, but they suffice for our purposes.

Lemma 4.1. Let (q1,q92) = 1, and x; be characters mod q;. Then
Hi(x1X2,q192,m) = Xx1(q2)x2(q1) Hr(x1, g1, 7) Hi (X2, g2, n)-

Proof. Tt is a straightforward consequence of the chinese remainder theorem.
Lemma 4.2. Hy(p,n) = p(pe(p,n) —1). If u(q) # 0 then |Hy(q,n)| < q(k—1)*@),

Proof. The first assertion follows in the same way as Lemma 4 in [BPP]. We recall
that 0 < px(p,n) < (k,p—1) < k, hence |Hi(p,n)| < p(k—1). The second assertion
now follows trivially from Lemma 4.1.

Lemma 4.3. Let x mod q be induced by x* mod r. Then

T(X) = p <g> X" (g) 7(x")

r r

and
I (x*)| = /2.

Proof. See Lemma 5.2 of [MV2] and (5) of §9 of [D].
Lemma 4.4. Let x mod q be a primitive character. Then

N
Hi(x,0:n) <[] (1 _ %) < &,
plq

Proof. This Lemma easily follows from Lemma 4.3, the multiplicativity of p; and
Lemma 5.4 of [MV2]. See also Lemma 5 of [BPP].

Lemma 4.5. Let A € N. We have

Z A <« X (log X)L,
n<X

Proof. The assertion follows from formulas (2.20) and (2.28) of Wilson [W] after
the trivial observation that 2<(") < d(n).

Lemma 4.6. Let x mod r be a primitive character. Then we have, for P > r and
n € [9X/10, X]

YooX)H
Z |T(Xo,qx) kz(Xo,qX,q,n)\ < (logP)k.
= a¢(q)
rlq

Proof. We put ¢ = Ir and use Lemma 4.3 to estimate |7(X0,4x)|- Thus

T H y 4, T T1/2 ’ l
Z 17(X0,0X) Hr (X0,4X, ¢ 1) _ Z L()‘Hk(xo,qXﬂdlvn)’
= q(q) S, Thelrl)
rla (lr)=1

-t m n)| - r,n
- 7“1/290(7‘) ZSXP:/T ZQO(Z)|H]€(Z’ )| |Hk:(X7 ) )|

(I,r)=1
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by Lemma 4.1. Now, by Lemmas 4.2 and 4.4, this is

r3/2 ,u2(l)
< > (k — 1)U <« (log P)*,
— »1/2
ri2e(r) S e
(I,r)=1

applying partial summation to the result of Lemma 4.5.

§5. ANALYTIC LEMMAS

Lemma 5.1. Let (a,q) = 1. Then

B (g +n) _ Wmm L 0(g(1 + X1n).

1
IfP<qg<@Q and|n\§—Q then
q

. a Xl/k:
(i) <

for a suitable constant 6 = 0(k) > 0.

Proof. The first inequality is proved as in Lemma 3 of [DH]. The second one follows
directly from Weyl’s inequality, see e. g. Lemma 2.4 of [Va2].

Lemma 5.2. For any integer s > ck®logk, ¢ being a suitable absolute constant,
we have

1
/ ‘Fk(n)‘2sdn<<X25/k:71_
0

Proof. By Parseval’s inequality
1 1
| 1B = [ FmPa < Y Radm)
0 0 m<sX
Now, by Theorem 5.4 of [Va2] we have that

R i (m) < ms/k-1

whenever s > ck?log k, and the result follows.
Lemma 5.3. Let uy, ..., uy be real numbers. For any d >0

t+(26) 7t

g 2 00 2
/ ’ Z une(nn)’ dn < (52/ ’ Z un’ dt.
=0 <N —oo t

Proof. This is Lemma 1 of Gallagher [G].
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Lemma 5.4. Let 0 < § < Then

é
/ |Fr(n)|? dn < X¥/*—1,

Proof. We have

5 -k -k -k -k
2 (505  14)) — 0t - 1)
[ iB@Pa=2 Y 1+ Y% omi(j5 — 1) '
—3 JERX) eI b (X) >

J17J2

We remark that the j* are spaced > X'~1/F apart, so that, by Theorem 2 of
Montgomery and Vaughan [MV1], the double sum is

< Z Xl/k*l < XQ/krfl.
J€Jr(X)

The first sum is < XY*Q~! <« X?/k=1  provided that b is sufficiently small as a
function of k.

X 1 1
Lemma 5.5. Let |y| < — and — < |n| < =. Then
qQ qQ Xﬁ2_1

T,(n) <
g 7|

Proof. This is Lemma 12 of [BPP].

1 1 1
Lemma 5.6. Let )X <n<X; |y < le/k. Then there exists a con-

stant c5 > 0 such th %
1/k

Proof. The proof is essentially the same of Lemma 13 of [BPP], using Abel’s in-
equality and Lemmas 4.2 and 4.8 of Titchmarsh [T].

Lemma 5.7. If |y| < Xl/k then

X1+2/kz
Fi(n 2dn < X26-2
/ | ) L+ [v]?

Proof. The proof is essentially the same of Lemma 14 of [BPP].
2k +1

Lemma 5.8. Let s be as in Lemma 5.2 and \ =

X
< S andg< P,
we have qQ

1/2
/ |Fe () Ty (1) dn < X/EFB=1p=2,
1/qQ

Proof. By Lemma 5.5 we have

1/2 1 1/2s 1/2 (25s—1)/2s
/ [ Ex(m) T, ()] dn < (/ |y (n)[** dn) - (/ \Tp(n)IQS/(2S‘1)dn>
1/4Q 0 1/40Q

< Xl/k+ﬁ—1p—(2k)+1)/s.
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Lemma 5.9. Let n € [9X/10, X| and let c7 be a constant. There ezists a constant
ce > 0, depending on cr7, such that for sufficiently large X we have

L(X,n) — crLg(X,n) > csGX /¥,

Proof. By Lagrange’s theorem we have

L(X,n)—crLz(X,n) = Y (I—em’ 1) > esXVF(1 - PO
n:m—l—jk
mel
Jj€Jk

> 6 X*(1 - B)log P = cGX /.

§6. THE MINOR ARCS

We will give an upper bound for the contribution of the minor arcs in a standard
way. From Bessel’s inequality and the prime number theorem we get

> < [ @S < [ 8@ da- sup PP

9X/10<n<X acm
< Xlog X - sup |Fy(a)?.

acm

From the definition of m and Lemma 5.1 we have

X2/k
F, 2 —_—
igg\ k(@) < o
and hence
) 1+2/k
(61) Z T‘Q(X,n) < WIOgX

9X/10<n<X

§7. THE MAJOR ARCS

When a € M(a, q) we write v = g + 7. Since ¢ < P, we have (¢q,p) = 1 whenever
p > P. Hence, by orthogonality

e(ap) = 2@ % 7(X)x(ap)e(pn).

Thus 1
S(e) = s )% T(X)x(a)S(x,n)-

We now define W(x,n) as follows
i) If x = xo0,4 then

W(x,n) = S(x0,q-n) — T(n);
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ii) if x mod ¢ is induced by x* € EU S, then x = xo0,4x* and

Wien) =Skooxm+ . Tpn);
peE'US’
L(p,x™)=0

iii) in all other cases
Wx,n) = S(x.n)-

Hence
a 1(q)
71 S<—+U):—TU +EQ7Q77] +DQ7Q7TI7
(7.1) p 2(0) (n) + E( )+ D( )
where %)
Xo, x(a)7(X ,aX
E(a7Q777>:_ Z 0. ) 0.4 Tp(n)
XEEUS peg’'us’ q
cond x|q L(p,x)=0
and ]
D(a,q,n) = ——= Y 7(X)x (@)W (x,n)-
©(q) s

We will consider D as an error term, for which only a relatively crude estimate
is needed, and E as a “secondary main term”, which will be evaluated in order to
get, at the end, a suitably small contribution.

We shall approximate Fj(«) by means of Lemma 5.1

(7.2) Fy, (g + 77) = Wﬂc(ﬁ) + Ax(a, q,n)
where
(7.3) Ax(a,q,m) < q(1 + X|nl).

Hence substituting (7.1) and (7.2) into (3.4) we obtain

=Y Z* eq(—an) /1/qQ Fy, (g +n) S (g +n) e(—nn) dn

q<P a(q) —1/4Q
,u 1/qQ
=> Hk: (¢;n )/ Fi(m)T(n)e(—nn) dn
q<P qu -1/4Q
1/qQ
#3003 @ae-an) [ BnDlagme(-nn) dn
q<P a(q) —1/4@
1/4Q
+ 30 S ae(-an) [ BB gme(-nn) dn
g<p 1 a(q) —1/4@
N 1/4Q a
LY e [ Muaans (— T n) e(—nn) di
a<P a(q) —-1/qQ q

=51+ 5+ S35+ 54,

say. In the following sections we shall deal with these sums.
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§8. EVALUATION OF S

We have
Sy = %Hk(q,n)/o Fi, ()T (n)e(—nn) dn
q<P
1/2
(5.1) +0 Z% ool [ 1@ T

We now estimate the size of the error term; by Lemmas 4.2, 4.5 and 5.8 it is

w(q)
(8.2) < Z L XVEpTA <« XVEPA(log X)F.

q<P

By definition, we have

1
/0 Fe(m)T (n)e(—nn) dn = L(X,n).
Thus, by (8.1), (8.2) and the definition of &, we have
(8.3) S, = &(n, P)L(X,n) + O(Xl/kP_)‘(logX)k).

§9. ESTIMATE OF S
Here we follow §9 of [BPP]. Lemma 5.4 and a reduction to primitive characters

yield

1/2

1/qQ
S€ Y S A >»</1/Q\Fk<n>\2dn)

q<P x(q)

1/4Q 1/2
: (/ IW(X,n)!2dn)
-1/qQ

< XEREENTN Z |7 (X0,0%) Hi (x0,0X: 4, 1) | -

r<Pgq<P q(q x(r)
r|q

1/qQ 1/2
: </ W (x0.4%, 1) | dn)
-1/qQ

1/TQ 1/2
< XCE N7 N </ W (x ,n)|2d77> :

r<P X(r) 1/TQ

1
DY ——|r (X0 Hi(X0,9X: 4:7) |,
= av(9)
rlq
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since ¢ < P and p > P obviously imply
W (xo0,qx,m) = W (x,n)-
Now, by Lemma 4.6, the inner sum is < (log P)*, hence
. 1/rQ 1/2
(9.1) Sy < XCT/2R(1og X)F YN (/ \W(X,n)\Zdn) :
r<Px(r) \771rQ

We use the technique based on Gallagher’s Lemma, see Lemma 5.3, to estimate the
sum in (9.1). Setting

¢ t+h t+h

logp — 1 ifr=1,
Z x(p)logp =< t+h t+h
t ZX )logp + Z Z mP~!  otherwise,
pe&'us’ m=t

\ L(p,x)=0
and arguing as in §9 of [BPP], from (9.1) we obtain

t+h

1 #
1/k Z Z Z
Sz < X7 (log X) X/Ifg}ix Q/2<h<PQ h x(p)logp
<P x(r) t
(9.2) = XY*(log X)* - W,

say. Now, as in §9 of [BPP], we follow the proof of Theorem 7 of [G] and use
Lemma 4.8 of [T], thus obtaining

LEDIDS ( PO G 1+Qljfk+7(1ogX)2).

r<P x(r) pg&'us’
L(p,x)=0
|y| < PAFHT

Lemma 3.2 yields, provided that bcy < 1/2,

WG

1—(4k+2)logy X/ log X
/ XD/ 2og X do + X124 P71 (log X)?

0
(9.3)
< G(log X)) 271 4+ P~ (log X)2.

Finally, from (9.2) and (9.3) we get

(9.4) So <
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§10. EVALUATION OF S3

Let

g ={pe & US|y < P*+6}
=&\ &.

Working as in the last section, we have

1/4Q
Z Z XO,qX — == Hi(X0,4X, 4, ) Z / Fi.(n)T,(n)e(—nn) dn

XEEUS <P peé! -1/qQ
cond xla L(px)=0
1/(1Q
Xo, X
-y Y Mniexen Y [ T, (n)e(—nn)do
XEEUS q<P peél 1/qQ
cond x|q Lp)=0
(10.1)
=531+ 53,2,

say. We shall treat S3; as a secondary main term and S3 2 as an error term. Now

Ssi=— > > xO,qx s(X0aX: 1) Y /Fk: (—nn) dn

XEEUS q<P pEE]
cond x|q L(p,x)=0

TT 0.0X> G T 1/2
+O<Z Z }(X,X)Hk(X,Xq )} Z / | Fiu (1 )|d77>

XEEUS q<P a¢(q) peé! 1/q@Q
cond Xx|q L(p X) 0

By (3.2) and Lemmas 4.6 and 5.8, the error term is
< XVEp=(log X)k+L,
Thus, by Lemmas 4.1 and 4.3, we have, as in §10 of [BPP], eqn. 24, that

Ssi=-Y > T(x.rn6 (n,;r) > L,(X.n)

r<P x mod r pegi
XEEUS L(p.x)=0

(10.2) + O(Xl/’“P’A(logX)k’“),

where T'(x,r,n) is defined in §2. To estimate S35 we need (3.2) and Lemmas 4.6
and 5.7. Arguing as in (22) of §10 of [BPP] we get

832<<Z Z T(X0.2%) wéf;)o’qX’q’n)’ Z (%/0 |Fk(77)Tp(77)‘2d77)

X€E€ q<P pEES
cond x|q L(p,x)=0

1/2

(10.3)
< XVkp—4,



14 ALESSANDRO ZACCAGNINI

Collecting the estimates (10.1), (10.2) and (10.3) we finally have

-5 Y 1 rn)e (n,;r) > L,(X,n)

r<P x mod r pegi
XE€EUS L(p,x)=0
(10.4) + O(Xl/’fP**(log X)’““).

§11. ESTIMATE OF Sy

By (3.3), (7.3) and the prime number theorem, we have

1/9Q a
q(1 + |n|X) 'S (— +n)’ dn
q<P a(q) -1/4Q q

e G

a<P a(q)
(11.1) < P 6 10g X

1/2

We now collect the estimates (8.3), (9.4), (10.4) and (11.1), thus obtaining that

r(X,n) = &(n, -3 > T(xrmn) (n,g,r) > L(X,n)

r<P x€EUS pEE]
x mod r L(p,x)=0

(11.2)

xXVkq Xl/k(logX)k:Jrl
O((logX)’“+1 ! PA )

provided that b is sufficiently small as a function of k.

§12. THE SINGULAR SERIES: SMALL MODULI

In this and in the next section we deal wih the singular series &(n, P/r,r), where
r = 1 or r is an excluded or Siegel modulus. We use Vaughan’s technique, as in §8.6
of [Va2]. In contrast to the Dirichlet L-series approach used when k = 2 in [BPP],
a peculiar feature of Vaughan’s method is that the size of the resulting exceptional
set depends strongly on the size of P/r. More precisely, in order to obtain an
exceptional set of size < X179 one needs to have P/r > X°2, for suitable 6; and
d2. Therefore we set P* = P”, v = v(k) €]0, 1] to be chosen later, and deal in this
section with the values r < P*. In the next section we will show that a satisfactory
estimate can be obtained in a more direct way for the contribution of the values
P <r<P.

Set

F =A{1, r < P*, ris an excluded or Siegel modulus }.

By Lemmas 4.1 and 4.2 we have
P (q)
G y T N y 1
()= ¥ LTl

q<P/T‘ q
(g,r)=1
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Define
A1) = 2D u(0.0) TT (et - 1)
plg

We remark that A(n,q,r) is a multiplicative function of q. By Lemma 4.3 of [Va2]
we have

A =~ gulr) S o

x mod p
xk#x()
X =Xo
Hence
(12.1) An,p,r) = > e(x)x(n)
xX€A(p)
where
1
12.2 Alp)| <k —1, c(y)| < —.
(12.2) |A(p)] e(x)] )

From now on we write R = P/r. As in §8.6 of [Va2] we approximate &(n, R, )
with a segment of the product H(l + A(n, p, 7“)) In order to do this, we set
D ={q € N* u(q) #0,p|¢g = p < R}, and begin by estimating

(12.3) Fnr)=| > Atn,gr),
R<q<V
qeD

where V = exp((log P)H'S), and & > 0 is a suitable real number which we shall
choose later. By (12.1), (12.2) and the multiplicativity of A, we have, when ¢ € D
and ¥ >0

(12.4) A(n, q,r) = Z* c(x)x(n)
x(a)
(12.5) 0] < =
e < B 1)«
(12.6) Xz(;) 00l <

Let Qo = R, Q; = P/, j = 1,...,[(log P)%], and set b(x) = c(x) if ¢ € D,
R < ¢ <V, and b(x) = 0 otherwise. Hence, by (12.3) and (12.4) we have

Finr) =] 32 3 b00xm)].
R<q<V x(q)
By Holder’s inequality we have for any r € F

oY Y oxm)

n€[9X/10,X[ Q;-1<q<Q; x(q)

(12.7) < X1/3 > ’ > Z*b(x)x(n)

n€[9X/10,X[ Q;-1<a<Q; x(q)

2/3
’3/2
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We now use Lemma 8.2 of [Va2], choosing | = j, with (12.5), (12.6) and Lemma
4.5. The right hand side of (12.7) is

(25-1)/(29)

. 4 .
<<X(lo,g>;(XJe))(‘7 /(63 Z Z b(x ’21/(23 1)
Qj-1<9<Q; x(q)
(12.8)

: a_ ; Py . .
< X (log(X7¢)) Y ™ (1og X)2Q7 Y/ (log Q) k-2 -1/ 29),

Choosing e. g. £ = 1/10 and summing over j = 1,...,[(log P)*] and r € F, by
(12.7) and (12.8) we finally obtain

Z Z F(n,r) < XPW=1/3

n€[9X/10,X[reF

This proves that [{n € [{5X, X[ such that there is an r € F such that F(n, r) >

X%} < X'7%, for a suitable d3 = d5(k,v) > 0. Hence for all n € [X,X],
with < X179 exceptions,
(12.9) F(n,r) < X%,
for all » € F. We now estimate
r) = Z |A(n, q,r)
>V
q€D

1 1
and set A = ——: thus

We remark that by (12.1) and (12.2) |A(n,p,7)| < k-

we obtain v (p) log P’
A
Gnr) <Y (57) 1A DI <V TT (14 pY A p, D))
q€D p<R
Y k=1
(12.10) <V (14 =—p
p—1
P<R
But
—1 —1
(12.11) 11 (1 + k—lp’\) <] (1 + M) < (log P)St+=1),
p<R b= p<R b
Hence, by (12.10) and (12.11)
(12.12) G(n,r) < V" (log P)S¢:—1) « exp{—clo(logP)l/lo}.

Summing up, from (12.9) and (12.12) we have that for all but < X'7% integers
€[5X,X[,and allr € F

S(n,R,r) = H (14 A(n,p, 7)) + O<eXp{—C1o(log P)l/l()})

(12.13) =

plr
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We end this section observing that for all n we have

(12.14) S(n,R,r) < Y (L)2H|Pk(p,n)_1|<< (log R)",

q<R (a) plq
(¢,r)=1

by Lemmas 4.2 and 4.5.

§13. THE CONTRIBUTION OF LARGE MODULI

In this section we show that the contribution to (11.2) of the excluded or Siegel
moduli larger than P* can be neglected for all n € [%X , X [ but an acceptable
exceptional set. In order to do this, we need a sharper estimate for T'(y,r,n) than
the one provided by Lemma 4.4. From Lemma 5.4 of [MV2] we obtain

()7 ()

(13.1) T(x,ryn) = ro(r)

O-(Tﬂ X? n)7

where

a(r,x,n)= Y x(f(h))

h mod r

and f(h) = h* —n. In order to estimate o(r,X,n) we use an adaptation of the
arguments in Burgess [Bu]. We have

Lemma 13.1. Let x mod r be a primitive character. Then for all but < Xr—3/8

integers n € [%X, X [, we have

o(r,x,n) < ri=1/7k=1)

uniformly for r < X/100.

Proof. First we remark that, by (9) of [Bu], o is multiplicative, so that we may
restrict our attention to the case where r is a prime power. Suppose first that » = p.
If p|n we have trivially that

(13.2) lo(p, x,n)| < p.

If ptkn the conditions of Weil’s Theorem are satisfied (see e. g. Theorem 2C’ of
Schmidt [Schm]), and we get

(13.3) o (p, x,n)| < kp'/?.

Clearly (13.3) holds trivially also in the case p|k, so that it holds whenever pin.
Now suppose that r = p* with a > 2. If p®|n we have trivially that

(13.4) lo(p®, x,n)| < p°.

If p* { n by (5) of [Bu] we have

o(p®,x,n) = p*77 > x(f(h)),
h=1

£/ (h)=0 mod p®—"
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provided that v is an integer > «/2. We set

p’Y

N = >, 1
h=1
f'(h)=0 mod p"

for n < ~. Suppose that p®|k, with 8 > 0. Since f’(h) = kh*~!, we have that

p"| f'(h) if and only if p™|h with m > h= ﬁ, and there are at most p?~("=A)/(k=1)
. k—1

such integers h mod p”. Hence

N, p") < pr—(1=B)/(k=1)

so that
lo(p®, x,n)| < p* IN(p?,p*7) < prtBty—a)/(h=1)

for v > /2. Choosing v = [(a + 1)/2], and recalling that a > 2, p?||k we obtain

(13.5) |0 (p®, x, n)| < kp /31,
We set
g(r,n) =[] »* h(r,n) = ] »*
p*|lr p*|lr
p%|n pin

so that r = g(r,n)h(r,n), (g(r,n), h(r,n)) =1 and g(r,n) < (r,n). Summing up,
from (13.2)—(13.5) we obtain that

‘O’(T’, X n)’ = ]a(g(r, ?’L), X n) ' O'(h(?“, n)7 X,?’L)‘
< K0 B, )13 g ()

(13.6) < ke p=1/3GR=1) () 1/3(k=1),
since o is multiplicative.
We set
AX,r)=H{ne [3X, X[, (r,n) > r'/?},
B(r) = [{m mod r, (r,m) = r'/2})|
Obviously
X
AX,r) < (7 + 1) B(r).
Now .
B(r) < Z y < d(r)r'/?,
d|r
d2r1/2
hence

(13.7) A(X,r) < Xr3/8,
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and the lemma follows from (13.6), (13.7) and the estimate k“(") < re.

It is now easy to estimate the contribution to (11.2) of the excluded or Siegel
moduli larger than P*. From Lemma 13.1 and (3.2) it is clear that for all but
< X(P*)~Y* integers n € [ X, X[, we have that

(13.8) o(r,x,n) < ri=1/7k=1

holds for all excluded or Siegel moduli r» € [P*, P]. Choosing e. g. v = 4/5, from
(3.2), (12.14), (13.1) and (13.8) we finally obtain that
(13.9)

P
- L X Xl/kp*l/QO(k*l)
E E X,T‘n (narar) E p( ,n)<<G

re[P*,P] x mod r pegi
X€EUS L(p,x)=0

holds for all but < X P~1/® integers n € [5X, X].

§14. PROOF OF THE THEOREM

Before completing the proof, we need two more lemmas.

Lemma 14.1. For all but < X'7% integersn € [£X, X[ and allr € F\ {1}, we
have

s (n70)

where x 15 a primitive character mod r.

< ey H P~ Pkl ) p, O(exp <—012(log P)l/w)),

p<P

Proof. By Lemmas 4.3 and 4.4 we have

) - (52)

plr plr

T (x,r,n)| <

The Lemma now follows at once from (12.13) and the estimate

1< I ealen) o
p—1
P/r<p<P
Lemma 14.2.
p— pk:(pa n) > (logp)—k
p—1
p<P

Proof. We have 0 < pi(p,n) < (k,p —1). Hence

p— pkp, ) o 0 (1__)>>(logp)—k

<p P~ k<p<P p

Now we can complete the proof. From (6.1) we obtain that

(14.1) ro(X,n) < X/kp=0/2
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for all but < XP~%2 integers n € [%X,X[. Let C(X) denote the union of all
the exceptional sets encountered thus far. This means that (12.13), (13.9), Lemma
14.1 and (14.1) hold for all n € [ X, X [\ C(X). Moreover it is clear that

(14.2) Ic(X)| < X°

for some § = §(k) > 0. Hence, from (11.2), (13.9) and the choice of ¥ made in §13
we have that for all n € [5X, X[\ C(X)

ri(X,n) =6(n,P)L(X,n)—T(x,7,n)S (n, g,?) LE(X’ n)

Y Y Thorn (n,g,r) S L(X.n)

r<P* x mod r pegi\s’

xeé L(p,x)=0
143 X1VkqG Xl/k(logX)k:Jrl
(14.3) (log X )k+1 * P ’

where A is defined as in Lemma 5.8. Here it is tacitly understood that the term
containing the Siegel zero is to be deleted whenever 7 > P* = P*/> or 7 does not
exist.

From (12.13) and Lemmas 14.1 and 14.2 we obtain that

1 _
(14.4) S(n, P) > = p—pu(p,n)
2 p—1
p<P
and
P _
(14.5) ’T(X,r, n)S (n, —,r) < 2c11 %
" p<p P

for r € F\ {1}, if P is sufficiently large. Hence from Lemma 5.9 and (14.3)—(14.5)
for all n € [£X, X[\ C(X) we have that

1(X,n) > Hp "’“” <c6GX1/k—4cHZ > > \Lp(X,n)\)

p<P r<P* x mod 7 pe&\S’
XEE L(p,x)=0

(14.6)

O GXV/k Xl/k(logX)k:Jrl

((logX)’“+1 i pA )

From Lemmas 3.2 and 5.6, as in (35) of [BPP], we obtain that

(14.7) den Y > D LX) < —c6GX1/"“ +0(1)
r<P* x mod r peg \S’

X€E  L(p,x)=0

provided that b is sufficiently small. But by (3.1) and Lemma 3.1, the Siegel zero
B, if it exists, satisfies

€13
14.8 G=(1-p8)logP > ————
(14.3) (1-PogP> e o
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From (14.6)—(14.8) and Lemma 14.2 we obtain

(14.9)

GXl/k
X -

for every n € [£X, X[\ C(X).

By Lemmas 5.2 and 5.8 we have that A =
such that

2k +1

and s > ck?logk. Choosing s

A= <

s
2k +1 Q
s 2’

from (3.4), (14.1), (14.2), (14.8) and (14.9) we finally obtain that

r(X,n) >

10

9
for all but < X179 integers n € [—X, X {, where 6 = §(k) > 0. The Theorem now

9
follows splitting the interval [1, X[ into intervals of type {—t, t [

[Bo]

10
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