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Abstract

This paper proposes to explain the Lucas-Lehmer algorithm, which tests num-
bers for primality for Fermat Numbers.
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Introduction: Mersenne Numbers are numbers of the form Mn = 2n−1. These numbers

have a polynomial time primality test called the Lucas-Lehmer Primality Test. Fermat

Numbers are of the form Fm = 2n+1 where n = 2m−1. These numbers have a polynomial

primality test called the Pepin’s Test. We have devised an equivalent modified Lucas-

Lehmer polynomial Primality Test for Fermat Numbers similar to Mersenne Numbers.

The algorithms are similar. The software for testing the primality of Mersenne Numbers

can be modified for both Mersenne and Fermat Numbers so that for both these types

of numbers a single test could check for primality in polynomial time. The complexity

of the Lucas-Lehmer Test for this is O(n2). For the Mersenne Numbers the underlying

quadratic is f(x) = x2− 4x+ 1 whereas for the Fermat Numbers it is f(x) = x2− 5x+ 1
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or f(x) = x2 − ax + 1 where a = 4, 5 respectively. We have added additional GCD tests

for factorization of these Fermat Numbers which can be deleted in the true primality test

to make it more faster.

Definition 0.1. The Lucas-Lehmer sequences {Um}m≥0{Vm}m≥0 corresponding to f(x) =

x2 − 5x + 1 are defined by [1]

Um ≡
xm − (a− x)m

x− (a− x)
(modf(x))

Vm ≡ xm + (a− x)m(modf(x))

THe alternative definition of the these Lucas-Lehmer sequences is:

Definition 0.2.

Um ≡
ωm −$m

ω −$
(modf(x))

Vm ≡ ωm + $m(modf(x))

where ω,$ are the roots of the quadratic f(x) = x2 − 5x + 1.

Theorem 0.1 (The Lucas-Lehmer Variant for Fermat Numbers). Let Vm be the Lucas-

Lehmer sequence as given in Definition ( 0.1). Let v0 = 5 and V2k+1 = vk+1 = v2
k − 2.

Define Fm = 22m + 1. Then Fm is prime iff

v2m−2 ≡ 0(mod(Fm))

Proof. ⇐ This proof is similar to [1], [10] Suppose Fm is composite and p is the smallest

odd prime divisor of itself such that p2 < Fm and (∆
p

) = −1. By the theorem’s reverse

hypothesis we have

V22m−2 ≡ 0(modFm)
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Since by the equivalent definition of V22m−2 where ω,$ are the roots of f(x) = x2−5x+1.

Hence

ω22
m−2 ≡ −$22

m−2

(modFm)

ω22
m−1 ≡ −1(modFm)

ω22
m

≡ 1(modFm)

Since by the theorem’s reverse hypothesis the above exponent of ω is the least positive

integer for which its modulus is one, therefore we conclude that the period of ω is 22m

which less than the order of multiplicative group of Fp2 = p2 − 1. Hence 22m < p2 − 1 or

Fm < p2 which is a contradiction of our assumption that if n is composite then for it’s

smallest divisor p, p2 < Fm. Hence we conclude that Fm is prime. Thus, since vk = V2k ,

all we have to show is that v2m−2 ≡ 0(mod(Fm)) to show that Fm is prime. For the

converse let a = 5, F = 2(2m−1) and N = Fm then V22m ≡ 2(modFm).

VF
2
≡ V2(2

m−2) ≡ 0(modFm) and if gcd(3, Fm) = 1 then letting t = 2m − 2: By Euler’s

criterion since Fm is assumed prime:

3
Fm−1

2 ≡ ( 3
Fm

) ≡ −1(modFm)

(x− 1)2 ≡ 3x(mod(f(x)))

(x−1)Fm−1 ≡ 1 ≡ (3x)
Fm−1

2 ≡ −x2t+1
( mod (f(x), Fm)) or x2t+1 ≡ −1( mod (f(x), Fm))

Similarly (5− x)2t+1 ≡ −1(mod(f(x), Fm)). V2t+1 ≡ V 2
2t − 2 ≡ −2(mod(f(x), Fm)).

Setting F
2
| Fm − 1 = 22m and we derive:

Hence V2(2
m−2) ≡ 0(mod(f(x), Fm)) iff Fm is prime.

We follow the presentation [9], [1] and [3] in all of above.
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Fermat LL Test(Fm) is the a Variant of the Lucas-Lehmer algorithm for Fermat type

numbers

Vars: Fm, S0, d1, d2

Initialization:

Check Fn for perfect powers and if it a product of twin primes and divisibilty by three

and if so return Fn composite with the factors.

S0 = a = 5

Fm = 2n + 1 where n = 2m

begin:

For i from 1 to (n− 2)

Determine hi = Si ≡ S2
i−1 − 2(mod(Fm).

fi = h2
i − a2 [3]

If (d1 = gcd (fi, Fm) > 1)||(d2 = gcd (fi, Fm) > 1) —(A) then

return Fm is composite with factors fi, d1,d2 if d1 < Fm or d2 < Fm —(A).

EndIf EndFor

//Test for primality or compositeness after the for loop:

If (S(n−2) == 0(modFm))

return Fm is prime

Else composite.

EndFermat LL Test()

For this Fermats Lucas-Lehmer Test start with 5 and square it and subtract 2 and do

this to the resulting number again and so on to form the sequence S0, S1, S2, S3 · · ·Sn−2

where S0 = 5,S1 = 52 − 2 = 23 · · · .

Note line marked (A) can be deleted from the above Lucas-Lehmer Primality Test

for Fermat Numbers to make the test faster. Adding these lines and modifing their
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extent can make for primality and factorization of these Fermat Numbers. One can run

the pure primality test without lines (A) on a Fermat Number Fm and factor only if

it is determined composite saving time when these Fermat Numbers are prime. Similar

Lucas-Lehmer Tests for Mersenne Numbers can be found in Number Theory Literature.
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